We consider AdS3 and warped AdS3 vacua in new massive gravity and study the highest weight modes and general propagating modes as a set of solutions for the linearized equations of motion. We observed that depending on the choice of gauge there are two types of solutions. We show that for warped AdS3 vacuum, the massless modes which appear only in the harmonic gauge have zero energy density and do not get higher curvature corrections. By computing the energy density it can be shown that all massive modes have negative energy density. Our computations prove that the massive modes in warped AdS3 cannot be excluded by an appropriate boundary condition and this makes the theory unstable.
Introduction
According to AdS/CF T correspondence [1] , each field propagating on AdS space is in a one to one correspondence with an operator in the Conformal Field Theory (CFT) which lives on the boundary of AdS. The boundary fields parametrize the boundary conditions of the bulk propagating fields and couple to the operators of the dual CFT.
The sub-leading radial behavior of the propagating fields at boundary is obtained by finding the most general asymptotic solutions for the field equations. For theories that admit asymptotically locally AdS solutions these general solutions, which are sometimes called the Fefferman-Graham expansion, can always be found by solving algebraic equations [2] .
Appropriate boundary conditions control the bulk propagating fields and this will be important when there are negative energy propagating modes which make the theory unstable. In this paper, we study this problem in the context of AdS 3 /CF T 2 .
The three-dimensional gravity described by Einstein-Hilbert (EH) action, has no degrees of freedom [3, 4] , and usually higher order derivative deformations of pure EH gravity provide the theory with propagating degrees of freedom, i.e. three-dimensional gravitons. The first theory of this type was the topologically massive gravity (TMG) which was constructed by adding a cosmological constant and a gravitational Chern-Simons term [5] - [7] . Another theory which we are going to consider here, is the New Massive Gravity (NMG) [8] . Also some extended theories of NMG have been discussed in [9] , [10] , [11] , [12] . The quantization of these theories seems to give a richer structure than the EH theory and provides interesting toy models for higher-dimensional theories of quantum gravity.
AdS 3 vacuum is the first known solution of the massive gravity models. Another vacuum solution of the higher order derivative actions is Warped-AdS 3 (W AdS 3 ). These vacua admit black hole solutions known as BTZ [7] and warped-AdS 3 black holes [13, 14] . In this paper we are going to discuss the asymptotic behavior of the metric fluctuations in NMG model. Since the corresponding black holes have equivalent asymptotic behavior we only consider the AdS 3 and W AdS 3 vacua here.
To find the behavior of metric fluctuations around a background there are two main approaches. In the first approach, one finds the highest weight modes corresponding to representations of the isometry group of the background. Knowing that one can associate generators to the isometry group of a background (SL(2, R) L × SL(2, R) R for AdS 3 or SL(2, R) × U (1) for W AdS 3 ) the highest weight modes are defined as those modes which are annihilated by raising operators (L 1 andL 1 generators in AdS 3 or L 1 generator in W AdS 3 ). Moreover, these modes must be solutions of the linearized equations of motion.
In the second approach, one substitutes the metric fluctuations as eigen-modes of energy and momentum in the linearized equations of motion and tries to find a decoupled differential equation for each component of the perturbations. A regular solution at the asymptotic limit can be obtained by using the Frobenius's method.
In the asymptotic limit where the radial direction r, approaches to the boundaries, solutions behave as r −B , where B depends on the parameters of the theory. It can be shown that B is closely related to the frequencies in the highest weight approach. These asymptotic solutions are often called the general propagating modes.
For example in TMG the calculations for W AdS 3 vacuum has been discussed in [15] by these two approaches.
The stability around a certain background depends on the selection of consistent boundary conditions. For example there exist several consistent choices of boundary conditions for three dimensional massive gravity models in AdS 3 . But only a special class of these boundary conditions exclude the negative energy modes (unstable modes), which are distinct from the Brown -Henneaux (BH) boundary conditions [16] .
Similarly the massive propagating modes of W AdS 3 do not obey the Compére -Detournay (CD) boundary conditions [17, 18] . In fact the BH and CD boundary conditions are only consistent with the pure large gauge in which the asymptotic perturbations are given by the Lie derivative of the background metric h µν = L ξḡµν where ξ µ is the non-vanishing asymptotic diffeomorphism. We have been considered these boundary conditions in [10] which lead to the central charges of the dual CFT living at the boundary of asymptotically AdS 3 space-times.
The stability of TMG around AdS 3 vacuum in harmonic gauge has been shown in [19] . They have obtained a stable theory without negative energy at chiral point µl = 1. Calculations for stability of AdS 3 and BTZ black holes in NMG have been done in [20] , [21] and [22] .
In this paper we will study the metric perturbations around the AdS 3 and W AdS 3 backgrounds in NMG in two different gauge conditions, the harmonic (transverse) gauge ∇ µ h µν = 0 and h µϕ = 0 gauge. We will check the stability of all modes explicitly.
Even though higher derivative terms are treated as perturbative corrections to two derivative Lagrangians, they do not change the usual AdS/CF T setup [23] . We will consider the effect of these terms on the spectrum of the theory.
This paper is organized as follows: In section 2 we briefly discuss the Lagrangian of NMG and its equations of motion and extract the linearized form of these equations around an arbitrary background. In section 3 we review and study AdS 3 vacuum and its perturbations in different gauges and then check the stability of this vacuum. In section 4 we repeat all steps in section three but for W AdS 3 vacuum. In section 5 we discuss the stability conditions for warped solution in different gauges. We compute the energy density for all possible modes. In section 6 we will consider extended NMG model, which contains up to sixth order derivative terms and study the modifications of different modes. Section 7 includes summary and discussions.
NMG and its linearized equations of motion
The new massive gravity is given by the following Lagrangian [8] 
which correspond to variation of the gravitational fields.
To study behavior of the gravitational fluctuations, we use the linearized equations of motion around an arbitrary background. Letḡ µν be a background metric and its fluctuation is given by h µν , so the total geometry is describing by g µν ≡ḡ µν + h µν . Consequently the Christoffel connection, Riemann and Ricci tensors are linearized as follows
All derivatives are taken with respect to the background metricḡ µν . Employing the above relations, the linearized energy-momentum tensor for new massive gravity becomes Everywhere we have used a bar notation, means that a quantity must be computed in the background metric.
AdS vacuum in NMG
The global AdS 3 metric is a vacuum solution for NMG equations of motion (2.2)
where l is the radius of AdS 3 space. The isometry group for this space is SL(2, R) L × SL(2, R) R with the following left and right moving set of generators
By inserting AdS 3 metric as a solution, into the NMG equations of motion, we can fix the value of cosmological constant in terms of the mass parameter and the radius of AdS 3
Before we study the linearized equations of motion and find a solution for these equations in a specific background, we must first fix the gauge freedoms. Accordingly, we consider two different gauge fixing conditions and compare their results.
The harmonic gauge
The highest weight solution for the linearized perturbations in harmonic gauge have been discussed extensively in [19] , [20] , in the following global coordinates
But we are interested in another form of the global coordinates as (3.1), which can be obtained from (3.4) easily by changing sinh(ρ) → r. In addition, we are going to study NMG in different gauge conditions, so as a warm up we review [19] , [20] , in coordinates of (3.1) and then add more results in the subsequent sections. Meanwhile we compare these results with the asymptotic behavior of propagating solutions. By this technique we will be able to find new results for other vacuum solutions of NMG.
AdS 3 space-time due to its symmetries makes the linearized equations of motion in (2.4) simpler. The curvature tensors can be written in terms of the background metric as
If we compute the trace of linearized equations of motion by multiplying equation (2.4) byḡ µν and impose the harmonic gauge condition ∇ µ h µν = 0, then we will find a traceless condition for the metric fluctuations, h = h µ µ = 0. The harmonic gauge and traceless condition simplify the linearized equations of motion (2.4) into a fourth order differential equation as follow [19] (
The covariant derivative D is defined as a first order operator
where ε αβγ = 1 √ g ǫ αβγ with ǫ trϕ = 1. For NMG Lagrangian one findsμ as [20] , [21] 
The differential equation in (3.6) describes one left and one right moving massless graviton mode in AdS 3 .
There are also two massive degrees of freedom. These are manifested in the following equations
The mass square relation shows that to maintain the stability (tachyon free condition), the parameters of the theory must be bounded by values in
The highest weight solutions
It is possible to solve the linearized equations of motion in (2.4) by requesting the highest weight conditions. In other words, we can find a solution corresponding to the highest weight representation of the isometry group of AdS 3 background. These solutions are the eigen-modes of SL(2, R) L × SL(2, R) R generators with the following eigen-values
These conditions lead us to consider the following ansatz for the metric fluctuations
By solving the differential equations from the highest weight conditions L +1 h µν = 0 andL +1 h µν = 0, the following behaviors can be obtained for the unknown functions in the ansatz
where we have used the traceless condition to fix f 3 (r) = −f 1 (r)−f 2 (r). In this solution, C i 's (i = 1, . . . , 5) are constants of integration and g(r) must be equal to
where + and − correspond to conditions L +1 h µν = 0 andL +1 h µν = 0 respectively. In the harmonic gauge the equality of L +1 h µν = 0 holds when k = 2 in (3.13) andL +1 h µν = 0 holds for k = −2 together with
, therefore the metric fluctuations simplify to
(3.14)
By inserting these fluctuations into the linearized equations of motion, one finds the following values for ω
However there are two constraints here. First, we expect that the asymptotic fall-off for the metric fluctuations is faster than the background metric, and second, we have demanded the tachyon free condition, m 2 l 2 ≥ 
√
2 + 4m 2 l 2 .
The asymptotic behavior of propagating solutions
To find the asymptotic behavior of metric perturbations let us consider the following ansatz
Note that keeping 1 in 1 + r 2 is optional for the asymptotic computations and the final results, as we have checked, will be equal exactly, so for simplicity of calculations we drop it. In the harmonic gauge, we have three relations among the six unknown functions in h µν . According to the gauge condition these are
Consequently we can write f 1 (r), f 3 (r) and g 2 (r) in terms of g 1 (r), g 3 (r) and f 2 (r) and their derivatives. On the other handḡ µν δT N MG µν = 0. This together with the harmonic gauge condition imply a traceless condition for the metric fluctuations. We have f 1 (r)+f 2 (r)+f 3 (r) = 0 accordingly and this constraint fixes another function
If we impose the gauge conditions in (3.17) and the constraint in (3.18) into the linearized equations of motion in (2.4) then we will find six differential equations for two unknown functions g 1 (r) and f 2 (r). Among these equations the rr component is a decoupled differential equation for f 2 (r)
To analyze this equation and find its asymptotic behavior we will use the Frobenius's method in solving the ordinary differential equations. Let's insert a series solution, f 2 (r) = r −B ∞ n=0 cn r n , into the above equation and take the r → ∞ limit. Then put the coefficient of the greatest power of r to zero. In this way, the possible values of B are (c 0 = 0) 
It is possible to find a relation between f 2 (r) and the derivatives of g 1 (r). By this relation one can verify that, for each value of B there are two values for B ′ so that
We conclude that, if we demand an asymptotic metric fluctuation fall-off similar to the highest weight solutions then B > 4 and B ′ = B − 1. Note that B ′ = B + 1 goes more faster to zero. Hence, there are solutions to linearized equations of motion which asymptotically behave similar to the highest weight solutions.
h µϕ = 0 gauge
In previous section we studied NMG in harmonic gauge. It is interesting to know the behavior of this theory under other gauge fixing conditions. Here we perform all steps in the previous section but for a new gauge
In the appendix C we will show that this gauge can always be attained in AdS 3 background, using an appropriate diffeomorphism.
The highest weight solutions
In this gauge, it seems that the equations of motion cannot be written in the decoupled form as (3.6). Despite this, we can study different solutions similar to the previous section. The metric perturbations ansatz is given in (3.11) . Solving the highest weight equations gives the following functions (note that we have not any traceless condition in this gauge)
,
To impose the gauge condition h µϕ = 0 in the linearized equations of motion we have to choose C 1 = C 2 = C 4 = C 5 = C 6 = 0. Therefore, there are six equations for just one unknown constant C 3 . The only consistent solution to these equations is C 3 = 0. Such a solution is called the pure gauge solution. In another word, in this new gauge to have a highest weight solution with nontrivial values for frequencies and wave numbers, we must choose f i (r) = g i (r) = 0 for i = 1, 2, 3. The same behavior has been observed previously in [21] for BTZ black holes.
The asymptotic behavior of propagating solutions
Although we showed that in h µϕ = 0 gauge, the highest weight solution is a pure gauge solution but let us look at the asymptotic behavior of the metric perturbations. We start from the following ansatz
To find the asymptotic behavior, we insert the above ansatz into the equations of motion (to simplify the calculations we have ignored 1 in 1 + r 2 , the final results are exactly the same). There are five independent equations of motion, which are not enough to decompose the differential equations. On the other hand we havē g µν δT N MG µν = 0 which implies δR = 0. If we use this equation together with its first and second derivatives then we will obtain a decomposed differential equation for f 1 (r). By choosing ml = ξ this differential equation 
To suppress the blow-up of the metric fluctuations in the asymptotic region, we must restrict the power behaviors to B > 0, B ′ > 0 and B ′′ > 0.
The warped AdS 3 vacuum in NMG
Another solution to the equations of motion with less symmetries than AdS 3 background is W AdS 3 vacuum with the following metric in the global coordinates
We define the warp factor as
Since (4.1) is a stationary metric (its components are independent of the global time τ ) then ζ = ∂ τ is a Killing vector of (4.1) and it can be considered as the generator of time translations. For ν 2 < 1 it is always a time-like vector (|ζ| = (
2 ) but for ν 2 > 1 there is a transition surface from time-like to space-like.
For 0 ≤ ν 2 < 1 the warp factor restricts to 0 ≤ σ < 1 and this space-time is called squashed. For ν 2 > 1 we have 1 ≤ σ < 2 and it is called stretched. The special case ν = σ = 1 corresponds to AdS 3 with a fibration [13] .
The isometry group of
presence of the warp factor. The generators of this symmetry transformation can be constructed out of the Killing vectors as
If we insert (4.1) into the equations of motion in (2.2) then we will find the following values for NMG mass parameter m and cosmological constant Λ in terms of the warp factor σ and W AdS 3 scalar curvature (R = − 6 l 2 )
Since the warp factor is limited between 0 ≤ σ < 2 we can specify the sign of parameters of the theory for different values of the warp factor. Suppose that l 2 > 0 (or negative curvature), therefore we find the following domains for the mass parameter and cosmological constant Table 1 : Behavior of the mass parameter and cosmological constant in NMG for 0 ≤ σ < 2.
The critical values in warp factor which have been appeared in the above table are as follows
In what follows we would like to find different behaviors of the metric fluctuations around W AdS 3 vacuum in different gauge choices.
The harmonic gauge
As we mentioned before, since W AdS 3 vacuum has less symmetries than AdS 3 we do not have the simple rules like the equations in (3.5) . This makes our equations more complicated, so we just present the final or important results.
The highest weight solutions
Unlike AdS 3 vacuum we have not a traceless condition here. We consider behavior of the metric fluctuations only in the presence of the harmonic gauge. The highest weight conditions for the metric perturbations are
given by the following relations [15] J
where L ±1 , L 0 , J are Killing vectors that generate the SL(2, R) R × U (1) L isometry group and are expressed in (4.3). Like the previous case, we choose our ansatz as [15] h µν (τ, r, ϕ) = f 3 (r)e
The (3, 3) component of the highest weight condition L 1 h µν = 0 fixes the value of f 3 (r) to
By using the above value and by solving the differential equations in other components of L 1 h µν = 0 one may hence arrive at
In the harmonic gauge we can fix three constants out of all C i 's as
Now we put (4.7) into the linearized equations of motion and simplify these by the gauge conditions. To have a non-trivial solution, the determinant of coefficients of C 3 , C 4 and C 5 for each subset of equations must be zero.
Independent of the choice of subsets we always find two polynomials P 1 and P 2 . Defining ω = ±u 
The solution of these equations gives the frequencies of the allowed modes. We will discuss the properties of these modes in the next sections.
The asymptotic behavior of the propagating solutions
In order to find behavior of the metric perturbations at the asymptotic limit as propagating modes, let us consider the following ansatz
If we impose the harmonic gauge we will find three equations among the unknown functions of the ansatz as
We may find f 1 (r), f 3 (r) and g 2 (r) from these gauge conditions and insert them into the equations of motion.
In this way, we will find six mixed differential equations for three remaining functions. To find the asymptotic r → ∞ behavior of the solutions there are two approaches. In first approach similar to the previous cases, we can recombine equations of motion and try to find a decoupled differential equation for each unknown function.
In second approach, we may consider to use the following behaviors for the remaining unknown functions
By putting these relations into the equations of motion and by going to the asymptotic region one finds six equations for the three unknown constants C 1 , C 2 and C 3 . To find B, it is enough to select three out of six equations and then insert the determinant of the coefficients to zero. The values of B in this way must be independent of the choice of equations. Doing all these steps, we will find again the two polynomials from the highest weight approach in (4.11) just by replacing ω by B.
h µϕ = 0 gauge
The calculations in this section are roughly analogous to one accomplished for TMG in [15] while we do it for NMG.
The highest weight solutions
All steps are similar to the previous gauge. We start from the highest weight conditions in (4.6) and then find exactly the same value for f 3 (r) as (4.8). By substituting this in the remaining equations we will obtain the other functions as follows
If we use the gauge fixing condition h µϕ = 0 we will see that C 6 = g 2 (r) = g 3 (r) = 0 which state that C 1 = C 2 = 0. Now we insert these perturbations into the linearized equations of motion. We can show that for each subset of the equations of motion we have a matrix such that
The propagating modes are those with detM = 0 while the pure gauge modes obtain by detM = 0 or equiva-
There is a common factor in all determinants of M for all subsets of equations and we observe that this factor is the P 2 polynomial. Therefore, in this gauge only one of the previous polynomials survives. This polynomial gives the values of all possible frequencies for each propagating mode in the highest weight as follows
The asymptotic behavior of the propagating solutions
To find behavior of the metric perturbations in the h µϕ = 0 gauge let's consider the following ansatz
Again, in this gauge we have six equations of motion but only five of them are independent. On the other hand we can use the trace of energy-momentum tensorḡ µν δT µν = 0. If we use this equation together with its first and second derivatives, we will have eight equations totally. After a little computation we can find three decoupled differential equations for f 1 (r), f 2 (r) or g 1 (r). For each function if we write an asymptotic expansion series then we will find the same behavior. The asymptotic fall-off power is given by the following polynomial,
As we see P 3 is exactly equal to the P 2 polynomial in (4.11) in the harmonic gauge. As another but equivalent approach for finding the asymptotic behavior of the solutions, we can consider the following values for the fluctuation functions
By inserting these values into the equations of motion and by going to the large values of r one finds six algebraic equations for the three unknown constants C 1 , C 2 and C 3 . The only consistent nontrivial solution is the P 3 polynomial.
Stability
Two main conditions must be checked in order to have a stable solution. The first one is the positivity of energy in a typical solution and the second one is the reality condition for the frequencies. In this section, we perform both checks to find the domain of reliability of our solutions.
Energy condition
To find the energy of a solution we follow the approach presented in [15] for TMG (one may also use the ADT construction [24] ). According to [25] associated with each Killing vector ξ µ of a diffeomorphism invariant theory, there is a conserved charge Q(ξ) as
where Σ is a spatial hyper-surface at constant time and ⋆ represents the Hodge star operation. To find the conserved energies, we substitute the first order perturbations h (1) µν of the highest weight solutions into the E
µν , the energy-momentum pseudo-tensor. Consequently, the energy density of a gravitational wave is given by [15] 
where we have used ξ µ = (1, 0, 0) to find this density. We consider the physical perturbations in their real form
where h µν 's are given by (4.7)-(4.9) in the harmonic gauge and by (4.7) together with (4.15) in the other gauge.
After applying the gauge conditions, we can remove the coefficients C 1 , C 2 and C 6 and write C 3 and C 4 in terms of C 5 from the linearized equations of motion, i.e.,
where S 0 , S 1 and S 2 are real functions and are given in the appendix A.
To avoid the divergences we consider the energy density per unit length in the ϕ -direction as in [15] . The final result for energy can be written as the following sum
The above integrals are finite for Re(ω) > 1 2 and for n ≤ 8 and obey the following recursion relation [15] (2ω + 7 − n)A n = 2kA n−1
This relation enables us to write the energy in terms of A 0 , which is real and positive valued. As we showed in previous sections, there are two types of solutions labeled by two polynomials:
• Massive modes:
If we study the metric fluctuations corresponding to the P 2 polynomial, we will observe that the energy density for different values of k. Therefore all massive modes in the squashed or the stretched W AdS 3 will make the theory unstable if we cannot exclude these modes in the spectrum.
The asymptotic behavior of the highest weight modes in (4.7) is given by
This is similar to TMG metric fluctuations in [15] . In both NMG and TMG the massive propagating modes of W AdS 3 do not obey the Compére -Detournay boundary conditions [17, 18] .
In general the consistency of boundary conditions requires that the perturbations fall off faster than their corresponding background metric components as we reach the boundary. We suppose that W AdS 3 in NMG has the same boundary conditions as in TMG. This can be expected, since W AdS 3 has a very similar behavior both in TMG and NMG. For example the CD boundary conditions has been used in [10] which leads to the central charges of the dual CFT living at the boundary of W AdS 3 space-times. So according to (4.1) and similar to TMG [15] we must only retain those modes which have ω(k, σ) ≤ 1 .
For TMG in [15] it has been shown that for stretched W AdS 3 all the negative energy propagating modes are excluded from the spectrum and the theory becomes stable. In NMG however, we find numerically that in all the interval 0 ≤ σ < 2 and for all values of k there are always modes with ω(k, σ) > 1. These modes cannot be excluded and make the theory unstable. In figures 3-5, we have sketched ω for different values of warp factor.
• Massless modes:
If we examine the energy density of the modes corresponding to the P 1 polynomial, the result will be zero.
This means that these modes are describing the massless modes of the theory. For TMG in [15] since they have considered only the h µϕ = 0 gauge they have not seen these massless modes. To find these modes in TMG we preformed computations of [15] in the harmonic gauge. Again, our results contain two types of polynomials. A polynomial for the massive modes which already found in the h µϕ = 0 gauge in [15] and a new polynomial. The latter has exactly the same polynomial structure as P 1 in NMG and its corresponding energy density is zero.
Frequency condition
As we mentioned before, the reality condition of frequencies is another check for the stability of the solutions.
To do this we must solve the polynomials and find their roots. These roots were the values of B (the fall-off powers for the propagating solutions) or the allowed ω frequencies for the highest weight modes. We demand that these roots to be positive and real valued. Although the massive modes have negative energies and cannot be excluded but this analysis is needed when one tries to draw the diagrams in figures 1-5. We have presented this analysis in appendix D.
Extended new massive gravity
In this section we consider higher curvature corrections to NMG and try to find their effects on the spectrum of massless and massive perturbative solutions for both AdS 3 and W AdS 3 background metrics. The Lagrangian of extended NMG (ENMG) up to third order curvature terms [9] - [12] is given by 
In what follows we will study and solve the linearized form of (6.2) around AdS 3 and W AdS 3 backgrounds.
Since the behaviors of ENMG in different gauges are very similar to NMG we present only the results in the harmonic gauge.
AdS 3 vacuum
Similar to NMG we can find different properties of AdS 3 vacuum in ENMG. In this case, the equations of motion restrict the cosmological constant to
Once again if we consider perturbations around AdS 3 vacuum we will find a fourth order differential equation similar to (3.6) but in this caseμ = 1 2l
The differential equation (3.6) describes again a massless graviton mode and a massive graviton with mass square
so the tachyon free condition occurs for
4 . The highest weight solutions can be found by inserting the ansatz (3.11) into the highest weight equations (3.10) and determining h µν . Substituting these values into the linearized equations of motion accompanied with the gauge conditions give the following values for frequencies
Comparing these results with (3.15) shows that only the massive mode gets correction.
We can confirm the above result by looking to the asymptotic behavior of the propagating solutions by inserting the ansatz (3.16) into the linearized equations of motion and using the gauge conditions. As an example we obtain the following differential equation for f 2 (r)
The leading term in the series solution around the boundary behaves as r −B such that B has the following
The relation between ω in the highest weight mode and B in the propagating mode is exactly similar to NMG i.e. B = ω + 2.
Warped-AdS 3 vacuum
If we consider the NMG Lagrangian and its curvature corrections and insert the vacuum solution (4.1) into the equations of motion T
N MG µν
+ T
EN MG µν
= 0, then we will find the following values for the mass parameter and the cosmological constant (∆ = √ 171σ 4 + 264σ 2 − 80) Table 3 : Behaviors of m − and Λ − for σ c ≤ σ < 2 .
Massless and massive modes
Similar to NMG we use the ansatz in (4.7) and put it into the equations in (4.6). We achieve the same results as (4.9) and (4.10). If we substitute these results into the linearized equations of motion then we will find non-trivial solutions when the determinant of coefficients is zero. Similar to NMG in the harmonic gauge, here
we have two polynomials P ′ 1 and P ′ 2 . The first polynomial is P ′ 1 = P 1 . In other words, we find again the massless mode of (4.11) and it does not receive any correction. The other polynomial, which represents the massive modes can be written as
where ω = ±u 1 2 + 1 2 and the functions E i are given in appendix B. If we try to find the asymptotic behavior of propagating solutions, we will obtain the above results exactly.
Summary and Conclusions
In this paper we have mainly discussed about the stability of AdS and warped AdS vacua in new massive gravity. First we found the equations of motion for NMG and then linearized around an arbitrary background g µν . We determined the value of cosmological constant for each solution in terms of other parameters in the theory such as m, l and σ.
In this paper we considered the behavior of metric perturbations from two points of view. In the first view, the metric fluctuations are solutions for the highest weight conditions as well as the linearized equations of motion. In the second view, the equations of motion decomposed into some differential equations for each component. That could be solved by analytical methods in the asymptotic limit. We have used two different gauge conditions to write the linearized equations of motion.
In W AdS 3 vacuum the value of frequency for a highest weight mode was related to the radial fall-off power parameter of the general propagating modes at the boundary. In fact, in most cases that we have studied, the propagating modes of the metric fluctuations were also belonged to the representations of isometry group of the background.
We observed that the existence of a mode in a vacuum, depends on the gauge choice. For example in W AdS 3 vacuum and in the harmonic gauge we obtain two polynomials, P 1 and P 2 , while in h µϕ = 0 gauge only P 2 exists. This can be seen for AdS 3 vacuum as well. In the harmonic gauge there is a highest weight mode while it becomes pure gauge when we go to h µϕ = 0 gauge. These behaviors back to the fact that the harmonic gauge does not completely fix the gauge redundancy therefore we see the massless modes in this gauge. But h µϕ = 0 fixes the gauge completely and the massless modes become invisible in this gauge.
In this paper we discuss about the stability of the vacuum perturbations at the asymptotic limit and find the domains of validity for parameters in different gauges. We show that P 1 polynomial describes the massless modes of the theory. For the squashed warped space-time there is always one possible allowed frequency but for the stretched warped space-time the stability is limited to some regions of space of parameters. We also show that the massive modes which describe by P 2 polynomial have always negative energies both in the squashed and in the stretched warped space-time.
By looking at the asymptotic behavior of the massive propagating modes and by analogy with TMG [15] we can try to exclude the negative energy modes based on the CD boundary conditions. We observe that unlike the TMG we cannot exclude these modes from the spectrum and therefore these modes make the theory unstable.
We have also considered the extension of NMG, which are constructed from curvature terms and are consistent with the AdS/CF T context. This extended Lagrangian did not change the main results but only corrected the values of mass for the massive propagating modes of AdS 3 background. For warped space-time we again showed that there are two polynomials. P ′ 2 which describes the massive modes and P ′ 1 which is exactly equal to P 1 and therefore the massless modes do not correct by the higher curvature terms.
We also looked at the TMG model in the harmonic gauge. We found two polynomials, one was exactly P 1 in NMG and the other one was the result of [15] for TMG in h µϕ = 0 gauge. 
where ∆ = √ 171 σ 4 + 264 σ 2 − 80.
C About the h µϕ = 0 gauge in AdS 3
To show that h µϕ = 0 gauge can be attained by a proper diffeomorphism we use the same method for W AdS 3 presented in appendix B of [15] . If we write the background metric as
, ds
then the non-zero Christoffel symbols will be
Consider the Fourier expansion of small perturbations in ϕ direction as follows
The gauge transformation in the linearized theory is given by
which represents the change of the metric perturbation under an infinitesimal diffeomorphism along the vector field ζ M . In fact the right hand side of (C.4) is the Lie derivative of the background metric along the vector
the variation of Fourier modes will be
In order to fix the gauge to h Mϕ = 0 for all values of k, we can fix the diffeomorphism modes from two last equations such that
Note that unlike the TMG, from the last equation in (C.6) we see that for k = 0 we can fix the diffeomorphism modes again.
D Frequency conditions
We have used a change of variable as ω = ±u we see that the denominator has a negative value for both u ± . Therefore u ± ≥ 0 if ∆ 1 ± 4∆ • When ∆ 2 has not any real root for k 2 or 2 11 < σ < 2
1. In this case we are restricted to 2 11 < σ < 2 where ∆ 2 has not any real root and we find that ∆ 2 > 0. Hence for u ± ≥ 0 one needs ∆ 1 ± 4∆ In this interval we find that Ξ + < Ξ 0 < Ξ − therefore Ξ + < 0 and consequently k 2 < Ξ + region is not allowed.
If we look at Ξ − we will see that it changes its sign from positive values to negative values at σ = 0.506. The final results are as follows: 6) and two solutions u ± are valid.
5. When 1 < σ < 2 and ∆ 1 > 0 then Ξ 0 > k 2 . In this interval of σ we always have Ξ − < Ξ 0 < Ξ + . Here Ξ 0 > 0 and Ξ + > 0 but Ξ − changes its sign from positive values to negative values at σ = 1.103. Therefore u ± are two allowed solutions, either when k 2 > Ξ + in all the interval or if k 2 < Ξ − when 1 < σ < 1.103.
6. Consider ∆ 2 1 − 16∆ 2 < 0 where just u + was valid. For 2 11 < σ < 1 we find that Ξ + < k 2 < Ξ − but since in this interval Ξ + < 0 and Ξ − changes its sign we conclude that for 2 11 < σ < 0.506 we have 0 < k 2 < Ξ − . For 1 < σ < 2 we have Ξ − < k 2 < Ξ + , moreover Ξ + > 0 and Ξ − has a sign change. Particularly for 1 < σ < 1.103 we have Ξ − < k 2 < Ξ + and for 1.103 < σ < 2 we have 0 < k 2 < Ξ + . * Summary: (D.9)
It is very hard to find exactly where we have a sign change in ∆ but since σ is limited between 0 and 2 we can compare values of k with σ in three regions.
• k → 0
In this case, only the first term in ∆ is dominant (∆ ∼ = − ) so for all values of σ its value is negative and we have three roots for t. In this region u ∼ = t + between these roots ∆ < 0 and beyond that it is positive.
• k ≫ σ Table 6 : Real roots in different regions of parameters space.
These numerical values show that for 0 ≤ σ ≤ 1 we always have at least one positive root and by increasing k only one positive root remains. But for 1 < σ < 2 by increasing k the number of positive roots reduces and for large enough values of k there is no positive root in this region. (see table 5 ).
